This paper illustrates the morphing of flow architecture toward greater performance in a counterflow heat exchanger. The architecture consists of two plenums with a core of counterflow channels between them. Each stream enters one plenum and then flows in a channel that travels the core and crosses the second plenum. The volume of the heat exchanger is fixed while the volume fraction occupied by each plenum is variable. Performance is driven by two objectives, simultaneously: low flow resistance and low thermal resistance. The analytical and numerical results show that the overall flow resistance is the lowest when the core is absent, and each plenum occupies half of the available volume and is oriented in counterflow with the other plenum. In this configuration, the thermal resistance also reaches its lowest value. These conclusions hold for fully developed laminar flow and turbulent flow through the core. The curve for effectiveness vs number of heat transfer units (N tu ) is steeper (when N tu < 1) than the classical curves for counterflow and crossflow.
Introduction
Heat exchangers are a central topic in thermal science and engineering because of their essential role across the landscape of technology, from geothermal and fossil power generation to refrigeration, desalination, and air conditioning [1] [2] [3] [4] . The literature on heat exchangers is voluminous and continues to be active today (e.g., Refs. [5] [6] [7] [8] [9] [10] ). The field covers two main aspects of this class of flow systems: fluid flow and heat transfer performance, and ways (criteria) of evaluating performance [11] [12] [13] [14] [15] . The general trend in the field is to develop heat exchangers that offer better performance. This trend is universal in evolution [16] , and unites heat exchangers with other evolutionary flow systems, bio, non bio, and manmade.
The starting point for the present paper is the observation that all performance criteria change, and hopefully improve, when one changes and chooses a better flowing architecture. This, the free http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.03.117 0017-9310/Ó 2016 Elsevier Ltd. All rights reserved.
evolution of the flow architecture is captured by the law of physics of evolution [17] : it is the essence of constructal design [18] , and serves as unifying method for all evolutionary design phenomena. Here, we illustrate this approach by analyzing a morphing twostream counterflow heat exchanger with one plenum at each end. The key architectural feature to be discovered is how much of the total volume is allocated to the counterflow core and the plenums.
Model
Two streams ð _ m 1 ; _ m 2 Þ flow in counterflow through parallel tubes of diameter D, in a core situated between two plenums. As shown in Fig. 1 , each stream arrives into a plenum (xL) by flowing across tubes that carry the second stream. At the other end, the second stream arrives into a plenum by flowing across tubes that carry the first stream.
The elemental volume of the heat exchanger has the longitudinal length L (one plenum + the flow length of one stream) and the width H = nD, shown in the vertical direction in Fig. 1 . The third dimension of this element is D, and is not shown in Fig. 1 . The number of H Â L elements stacked in the third dimension is not important. The size of the element is dictated by the area A = HL, which is fixed, and the tube diameter, which is also fixed.
The challenge is to determine the most effective configuration, which is represented by the shape parameter (H/L) and the volume fraction occupied by one plenum (x). The element has two functions, flow with low pressure drop along each stream, and low thermal resistance between the streams.
Pressure drop
The overall pressure drop experienced by one stream _ m 1 is due to contributions from the plenum (p) and the core flow (c), through tubes of diameter D and length ( 
The plenum has the flow cross section xLD, flow length H (vertical in Fig. 1 
For the in-tube flow, we start with the assumption that the flow is in the fully developed laminar regime. The mass flow rate through one tube is _ m 1 =n. The pressure drop along the duct of
where K l = 128m/p. Next, we combine Eqs. (1) 
This expression reaches its minimum when L is of order
From this follows H opt = A/L opt , the optimal shape of the assembly,
and the pressure drop minimized by selecting the shape of A,
First, note the effect of size (A) on performance (DP min ). The performance improves monotonically as the size increases. This result is in accord with theoretical advances on the effect of size on efficiency in thermofluid flow systems in general [17, 19] .
Second, the effect of dividing the elemental volume into plenum (x) and in-tube flow (1 À x) is such that DP min decreases monotonically as x increases. The lowest pressure drop belongs to the design with x = 0.5, which is the design without a counterflow core, and with two plenums each of thickness x = 1/2, or L/2. This design is sketched in Fig. 2 .
The preceding analysis can be repeated by assuming that in the core tubes the flow is in the fully developed fully rough turbulent regime (f = constant), when Eq. (3) is replaced by
where K t = 32f/(p 2 q). Eq. (2) does not change. In place of Eqs. (3)- (7) we obtain
The results for turbulent core flow, Eqs. (10)- (12), show qualitatively the same trends as the results for laminar core flow, Eqs. (5)- (7). The conclusion is the same as before: the overall pressure drop decreases monotonically as x increases up to 1/2, and the core vanishes.
Thermal conductance
The thermal contact between the two streams in Fig. 1 is proportional to the overall thermal conductance
where h p,tot and h c,tot are the overall heat transfer coefficients including htc on both sides of the tubes and conduction through the tube. A p and A c are the contact surfaces in the plenum and the core,
or using H $ nD:
where n is the number of tubes in cross flow in each plenum, and h p and h c are the respective scales (orders of magnitude) of the heat transfer coefficients (to read more on scale analysis and the nature of trade offs in design, see Refs. [20] [21] [22] ). Noting that in an order of magnitude sense H $ nD, we replace n with H in Eq. (13) and rewrite it as:
where A = HL. The order of magnitude of h p can be estimated as shown in Eq. (17) and the Appendix. Reading Eq. (16), we distinguish two cases: Fig. 2 is also the design with the highest thermal conductance. (ii) If h c > h p , then the highest thermal conductance occurs in the limit x = 0, which coincides with the worst design for pressure drop. This domain, h c > h p , is where x will be assigned an intermediate value, as a trade off between a low enough DP and a high enough C th .
In the plenum, the heat transfer is impeded by three thermal resistances, on the outside of the tube, the tube wall, and inside the tube. The tube wall resistance is negligible (cf. Appendix), and the convective resistance on the outer surface of the tube dominates the convective resistance on the inside surface when the h p /h c,t ratio derived later in Eq. (23) for turbulent flow is less than 1 in an order of magnitude sense. This is the case in the present analysis, therefore the overall heat transfer coefficient scale for the plenum is represented by the outer heat transfer coefficient, h p . The order of magnitude of h p is estimated from the Nusselt number for a single tube in cross flow, cf. Eq. (7.100) in Ref. [20] , where h p D=k $ 0:6Re 
If the flow through the core is laminar and fully developed, then the in-duct Nusselt number is a constant of order 4, and the heat transfer coefficient is of order
Dividing Eqs. (17) and (18), we obtain 
Dividing Eqs. (17) and (20) 
From this follows the rewriting of Eq. (16),
In summary, there are two flow resistances, fluid R f and thermal R th , which are defined next. At this point, the analysis can proceed on two routes: select the area shape H/L by minimizing the flow resistance, e.g. Eq. , and is maximum at x = 10/21. This means that the highest thermal conductance belongs to a design with approximately x = 1/2, which is the design with lowest pressure drop.
The trade off between flow resistance and thermal resistance is illustrated qualitatively by the right curve in Fig. 3 . For turbulent flow in the core, Eq. (12) shows that the flow resistance varies in proportion with the group
The overall thermal conductance, Eq. (24), increases monotonically with (1 À x) 11/15 x 2/3 , therefore the overall thermal resistance varies monotonically (not proportionally) with
R f and R th are related parametrically through x, which varies between 0 and 1/2. Superior are the designs that offer small R f and small R th at the same time. Such designs have x values that are comparable with 1/2. Alternatively, we can determine H/L by minimizing R th and then substituting the optimal H/L into R f . The result of this alternative is the left curve in Fig. 3 . This curve is a numerical example calculated by assuming q = 1000 kg/m . Fig. 3 shows that the two approaches lead to the same conclusion: the better R f À R th performance belongs with designs with x ffi 1=2.
Numerical method
The pressure drop experienced by one stream _ m 1 in the counterflow parallel tubes solved analytically in the previous section The entrance length for the flow in each pipe is defined as L e = 0.06 Re D. In the case of one tube (Fig. 6 ) the entrance length for the highest mass flowrate is 38 percent of the pipe length L, and this percentage decreases as we lower the mass flow rate or increase the number of tubes.
The numerical method consists of solving the mass, momentum and energy equations, in order to obtain the value of the outlet temperature for each stream. Non-isothermal flow type is used in COMSOL. The hot stream inlet temperature is T h,in = 330 K and the cold stream inlet temperature is T c,in = 295 K. The tubes are assumed to be made of steel, and there is heat transfer continuity through the pipe walls.
The accuracy of the numerical solution depends on the grid refinement and mesh quality. We simulated the 3D flow with free tetrahedral mesh. In order to study the mesh quality, we selected several meshes for the case x = 0.5. Table 1 shows the accuracy test for the grid, starting with a coarse mesh proceeding to an extremely fine mesh. In the present numerical study, the results for this problem are grid independent and the meshing scheme is free tetrahedral. All the simulations in this problem are done with the mesh identified at the bottom of Table 1 . Fig. 5 shows the effect of x on the overall pressure drop along the stream _ m 1 . The pressure drop decreases as x increases, and the lowest pressure drop belongs to the design with x = 0.5. This behavior agrees with the analytical results from the preceding section, which is that for minimum pressure drop the best design is the one without a core.
Effectiveness
In order to find the effectiveness of the heat exchanger, consider a fixed element volume of two streams _ m 1 and _ m 2 in a heat exchanger with a longitudinal length L = 2 m, transversal dimension H = 0.4 m and depth W = 0.1 m. As shown in Fig. 6 , the hot stream enters the volume at one end with temperature T h,in = 330 K, and the cold stream enters the volume at the other end with temperature T c,in = 295 K. Each stream flows through a tube before exiting the volume. The tube diameter remains D = 0.7 W. The flow is steady, fully developed and laminar at the inlet. The tubes are assumed to be made of steel with wall thickness 0.006 m.
The effectiveness of the heat exchanger is defined as the ratio between the actual heat transfer to the maximum possible heat transfer,
where C h , C c , and C min are the hot, cold, and minimum heat capacity rates, respectively. The heat capacity rate ratio C min /C max in this model is equal to 1. The number of heat transfer units N tu is defined as the ratio between the overall thermal conductance and the minimum heat capacity rate,
where U is the overall heat transfer coefficient and A is the heat transfer area. The relationship between the number of heat transfer units N tu and the effectiveness e for the heat exchanger is determined by varying the mass flow rate from _ m = 0.0003 kg/s to 0.04 kg/s at the inlet of both streams, while fixing the exit pressure and determining the outlet temperature of each stream. We started with the mass flow rate _ m = 0.04 kg/s in order to maintain the flow laminar in the pipes with Reynolds numbers below 1500. Fig. 6 shows the effectiveness as a function of the number of heat transfer units.
In order to determine the effect of size on the results, we extended this study by changing the size of the heat exchanger to L = 1 m and H = 0.2 m. Fig. 6 shows the effectiveness vs N tu for the heat exchanger with smaller size. By comparing the results in Fig. 6 , we see that changing the heat exchanger size has no effect on the results.
Next, we consider the same element volume but now each stream flows along two tubes and exits the volume as shown in with the analytical solution for counterflow and crossflow heat exchangers from Ref. [21] , we find that the numerical results are in agreement with the known analytical curves for counterflow and crossflow. The numerical e(N tu ) curves are steeper than the analytical curves. By increasing the mass flow rate of each stream at the inlet of the heat exchanger, the velocity (Reynolds number) increases, which results in decreasing the effectiveness of the heat exchanger. This means that the laminar flow has higher effectiveness than turbulent flow.
Conclusions
Correlations for laminar and turbulent flows were used to assess performance of a heat exchanger that consists of a core sandwiched between two plenums. The length of the core with respect to the length of the plenums is sought based on two objectives: low flow resistance and low thermal resistance. The analysis showed that both the pressure drop and thermal resistance monotonically decrease with decreasing the core length.
In order to verify the use of correlations to evaluate the pressure drop, numerical simulations were first conducted for the fluid dynamics for several realistic plenum and core configurations. Numerical simulations of heat transfer were then conducted in order to obtain the N tu at various flow rates. The numerical simulation results for the heat transfer were found to be in good agreement with analytical solutions for counterflow and crossflow heat exchangers. The results indicate that for the configurations considered, the laminar flow has a higher effectiveness than that of the turbulent flow.
These results were obtained using (a) the same fluid on hot and cold sides of the heat exchanger, and (b) constant properties of hot and cold fluids. The overall flow and thermal resistance are the lowest when the core of the heat exchanger is absent, and each plenum occupies half of the available volume. When N tu < 1, the effectiveness vs number of heat transfer units curve is steeper than the classic curves for counterflow and crossflow. Increasing the number of tubes in the heat exchanger does not change the e(N tu ) behavior. These conclusions hold for fully developed laminar and turbulent flow through the core. 
